In this paper we examine the flow produced by the normal impact of a laminar liquid jet on to an infinite plane. It is observed experimentally that after impact the liquid spreads radially over the plane away from the point of impact in a thin film. It is also observed experimentally that, at a finite radius, there is an abrupt increase in thickness of the film which has been identified as a hydraulic jump, and that this radius is independent of the orientation of the surface showing that gravity is unimportant and that the flow is dominated by surface tension. We show that the application of conservation of momentum in the film flow subject to viscosity and surface tension alone predicts a singularity in the curvature of the liquid film and subsequently the depth of the film at a finite radius. This location is almost identical to the radius of the jump predicted by conservation of energy and agrees with experimental observations.
Introduction
In a recent paper Bhagat et al. (2018b) conducted experiments which showed that in a thin liquid film, on scales typical in a kitchen sink, the jump produced by the normal impact of a laminar jet onto an infinite plane is independent of the orientation of the surface. Consequently, to first order, the flow and the location of the jump are independent of gravity and determined by surface tension alone. The radius of the jump, here called a capillary jump to emphasise the dominance of surface tension over gravity on these scales, was predicted by applying the principle of conservation of energy and balancing the retarding forces of viscosity and surface tension. Here we predict the jump location using conservation of momentum applied to this radial flow, ignoring gravity completely.
The paper is organised as follows. The role of surface tension at the liquid-gas interface in a flowing, as distinct from stationary liquid, is derived and applied to a radially spreading thin film in §2. The application of conservation of momentum is both the radial and film-normal directions is given in §3. Finally, some conclusions are given in §5.
Theory

Surface tension force
Fluid motion is governed by the Navier-Stokes equations which express conservation of momentum in a fluid continuum. For flows with an interface between two fluids, the Navier-Stokes equations do not express the surface tension force acting on the interface. This force is introduced as a normal stress boundary condition at the interface.
Consider a surface S with unit normal n, bounded by a closed contour C with arc Figure 1 : Schematic velocity profiles in a flow with (a) 'free surface' and (b) a surface with non-zero surface tension γ. The surface tension force retards the flow near the surface giving a non-zero shear stress at the interface (2.1).
length l in the interface between two immiscible fluids, taken here to be the common case of a liquid and a gas denoted by the subscripts L and G, respectively, with constant surface tension γ. Since the surface tension force acts in a direction perpendicular n and the contour C, continuity of the normal stress is expressed as
where
T ] is the total stress, with pressure p and velocity u, and µ is the viscosity of the fluid. Using a vector identity and noting that S is an arbitrary surface this gives the dynamic boundary condition
where ∇ s = [I − nn].∇ is the surface gradient, relating the jump in the normal stress to the curvature of the surface. Assuming the dynamic viscosity of the air is negligible compared to that of the liquid and denoting pressure in the air as p G and in the liquid as p L , (2.1) can be written as
where u is the velocity in the liquid.
In the case of a stationary liquid and gas, the middle term of (2.3) is zero and this equation gives the usual Laplace pressure in the liquid associated with the curvature of the surface. In the case of a flowing liquid the surface tension force can be balanced by the viscous stresses at the surface, and for a sufficiently fast flow this can be much larger than the Laplace pressure. This force balance manifests itself through a non-zero velocity shear at the surface as shown in figure 1.
Force on an axisymmetric thin film
Following Bush & Aristoff (2003) for an axisymmetric thin film on a planar surface we write the equation of the surface in implicit form 
wherer andẑ are unit vectors in the radial and wall-normal directions, respectively, and h = dh/dr. We define the angle α as the tangent to the surface defined by h = tan α.
, and (2.5) can also be written as n =ẑ cos α −r sin α. where we have integrated azimuthally from 0 to 2π. Noting that, since the radial length along the surface is dr cos α (figure 2) so that dS = 2πr dr cos α , then from (2.3) and (2.7) the radial and vertical components of normal stress at the free surface can be written as
8) and
As we will see below application of momentum conservation requires expressions for the radial gradients of these forces and these are given by
(2.10) and
(2.11)
Momentum conservation
We now apply conservation of momentum to the axisymmetric flow spreading radially from the point of impact of the jet on the plane. We consider cylindrical co-ordinates r and z in the the radial and wall-normal (jet-axial) coordinates, respectively, with the origin at the point of impact of the jet on the plane, and u and w the associated velocity components, and we assume circular symmetry about the jet axis.
In order to determine the velocity field we assume, following Watson (1964) , that the flow is self similar and that the radial velocity can be expressed as the product of the radially varying surface velocity u s (r) and a function of the similarity variable η = z/h(r) in the form
where u s is the surface velocity and f (0) = 0, f (1) = 1. Conservation of mass implies
and
Then, using (3.2)
which automatically satisfies the kinematic boundary conditions at the wall and inter-face. We now use these expressions for the velocity in equations expressing momentum conservation in the radial and wall-normal directions.
Momentum balance in the radial direction
Since the pressure in the gas at the surface is constant (atmospheric) and the film is thin, the radial pressure gradient in the liquid is the Laplace pressure caused by the the curvature of the surface. In a thin film with h/R 1, where R is the radius of the jump location, the curvature is small this term can be ignored. Then, in the absence of gravity, the momentum equation in the radial direction is
where τ = T + pI is the deviatoric stress tensor (in cylindrical coordinates). We use incompressibility (∇ · u = 0), integrate (3.5) across the film from the wall to the interface and azimuthally from 0 to 2π, and substitute for the velocity from (3.1) and (3.4) and apply the surface tension boundary condition (2.10) and obtain
Noting that conservation of mass (3.2) implies u s rh = const. we obtain
where C 2 = 1 0 f 2 (η)dη is a second integration constant arising from the velocity profile. Equation (3.7) can be written in terms of the interface slope is the wall shear stress.
Momentum balance in wall-normal direction
We now apply conservation of momentum in the wall-normal z direction in the differential control volume shown in figure 2. Since the film is thin the pressure is independent of z and for an axisymmetric flow
As before we integrate across the film to obtain
Substituting for the velocity from (3.1) and (3.4), and applying the surface boundary condition (2.10) gives
(3.11) Substituting (2.11) into (3.11) yields
In the thin liquid film upstream of the hydraulic jump, the interface slope remains small and we will ignore the higher order terms in dh dr . Applying this approximation and re-arranging (3.12) gives an expression for the curvature of the film
(3.12)
Finally, substituting ρu s rh dus dr from the radial momentum balance (3.8) gives
where C 3 = 1 0 ηf 2 (η)dη. Ignoring higher order terms in h and re-arranging gives an expression for the curvature of the film
where the Weber number We is defined by
Consequently we predict a singularity in the curvature of the film at a critical radius where the film thickness is such that We = 1.
Relation to energy conservation
Revisiting (2.8) and recognising that upstream of the hydraulic jump, the liquid film is almost flat which implies that α → 0 (2.8) can be written as
Consequently, in a control volume approach the force due to surface tension, which appears as a normal stress boundary condition, can be incorporated as a surface force on the circumference of the control volume consistent with the analysis in Bhagat et al. (2018b) which applied conservation of energy to this control volume. The normal stress boundary condition at the free surface also implies that the interior of the fluid experiences the effect of surface tension through a change in the velocity profile. In our previous analysis (Bhagat et al. (2018b) ) we did not consider this and simply used Watson's similarity velocity profile (Watson 1964 ) which assumed zero stress ( ∂u ∂z = 0) at the free surface. The surface velocity obtained using Watson's similarity velocity profile is, therefore, not the correct surface velocity (see figure 1) . Furthermore, Stevens & Webb (1993) measured the velocity profile in the liquid film and observed the expected lower surface velocity. Consequently, it is appropriate to associate the flux of surface energy with the average velocity rather than the surface velocity obtained from a boundary layer velocity profile (see Bhagat et al. (2018a) ).
Conclusions
Applying conservation of radial and wall-normal momentum to the flow in an expanding axisymmmetric thin film shows that the curvature of the film is singular at a finite radius determined by a critical value of the Weber number. This singularity arises from the wall-normal momentum conservation which implies that
Using conservation of energy Bhagat et al. (2018b) showed that the radial velocity gradient is also singular, in this case dh dr → ∞, at a critical Weber number which is numerically slightly different. This radius was identified in experiments as a jump in the flow depth to a thicker and slower flow downstream, and excellent quantitative agreement was found in the predicted and observed values of the jump radius.
Translating these results into predictions of the jump radius, conservation of energy predicts that the jump radius R is given by The numerical values are obtained from Watson's similarity profile which, as we discuss above, do not strictly apply, and the predictions are both smaller than the experimentally measured values of 0.289 ± 0.015. Since C 1 is the area under the curve f (η) then this will be smaller for the real profile (figure 1), leading to a larger prediction. Also, since 0 η 1, C 2 > C 3 , the jump radius estimate from momentum conservation is always smaller than that obtained from energy conservation.
